Let E be a real Banach space. Let K be a nonempty closed and convex subset of E, T
where .,. denotes the duality pairing between E and E * . The single valued normalized duality mapping is denoted by j .
Let T : D(T ) ⊂ E → E be a mapping with domain D(T ) in E. The mapping T is said to be uniformly L-Lipschitzian if there exists L > 0 such that for all x, y ∈ D(T )
T n x − T n y L x − y .
The mapping T is called asymptotically nonexpansive if there exists a sequence {k n } n 0 ⊂ [1, +∞), lim n→∞ k n = 1 such that for all x, y ∈ D(T )
T is said to be asymptotically pseudocontractive if there exists a sequence {k n } ⊂ [1, +∞), lim n→∞ k n = 1 and there exists j (x − y) ∈ J (x − y) such that
It is easy to see that every asymptotically nonexpansive mapping is uniformly L-Lipschitzian. Again, if T is asymptotically nonexpansive then for all x, y ∈ D(T ) there exists j (x − y) ∈ J (x − y) such that
Hence, every asymptotically nonexpansive mapping is asymptotically pseudocontractive. Rhoades [10] constructed the following example to show that the class of asymptotically pseudocontractive mappings properly contains the class of asymptotically nonexpansive mappings.
Rhoades [10] showed that T is not Lipschitz and, thus, cannot be asymptotically nonexpansive. However, since T • T = I (the identity map), and T is monotonically decreasing it follows that
and
The asymptotically nonexpansive mappings were introduced by Goebel and Kirk [6] , while the asymptotically pseudocontractive mappings were introduced by Schu [11] who proved the following theorem: Theorem 1.1. (Schu [11] ) Let H be a Hilbert space; K ⊂ H nonempty bounded closed convex; L > 0; T : K → K completely continuous, uniformly L-Lipschitzian and asymptotically pseudocontractive with sequence {k n } ⊂ [1, +∞); q n = 2k n − 1, ∀n ∈ N ; (q 2 n − 1) < ∞; {α n }, {β n } ⊂ [0, 1]; < α n < β n b, ∀n ∈ N , and some > 0 and some
Then {x n } converges to some fixed point of T .
The recursion formula of Theorem 1.1 is a modification of the well-known Mann iteration process (see, e.g., [9] [1] ) Let E be a real uniformly smooth Banach space, K a nonempty bounded closed convex subset of E, T : K → K be an asymptotically pseudocontractive mapping with sequence {k n } x n 0 ⊂ [1, +∞), lim k n = 1, and F (T ) = {x ∈ K: T x = x} = ∅. Let {α n } ⊂ [0, 1] satisfy the following conditions: (i) lim α n = 0, (ii) α n = ∞. For arbitrary x 0 ∈ K, let {x n } be iteratively defined by
If there exists a strictly increasing function
Remark 1.1. Theorem 1.2, as stated is a modification of Theorem 2.4 of Chang [1] who actually included error terms in his algorithm. We have also stated the sufficiency part of the theorem.
In 1995, Liu [8] introduced what he called the Ishikawa and Mann iteration processes with errors. In [12] , Xu objected the definition given by Liu [8] on the ground that the conditions u n < ∞ and v n < ∞ (as imposed by Liu) are not compatible with the randomness of the occurrence of errors (since they imply in particular, that the errors tend to zero as n tends to infinity). He then modified the definitions of Liu by assuming that the sequences {u n } and {v n } (in his own definitions) are only bounded.
It is our purpose in this paper to significantly extend Theorem 1.2 from uniformly smooth Banach space to arbitrary real Banach space. The boundedness assumption imposed on K in the theorem is also dispensed with. A related result involving bounded sequence of error terms is also obtained.
Preliminary
We state the following lemmas which we shall need in the sequel. Lemma 2.1. Let E be a normed linear space then for all x, y ∈ E and for all j (x +y) ∈ J (x +y), the following inequality holds: 
Main results
In this section, we prove our main theorems. 
For arbitrary x 0 ∈ K let {x n } n 0 be iteratively defined by
Suppose there exists a strictly increasing function φ : [0, +∞) → [0, +∞), φ(0) = 0 such that
Then, {x n } n 0 is bounded.
The proof is by induction. Clearly, the claim holds for n = n 0 . Suppose it holds for some n n 0 , i.e., x n − x * 2φ −1 (a 0 ). We prove that x n+1 − x * 2φ −1 (a 0 ). Suppose that this is not true. Then x n+1 − x * > 2φ −1 (a 0 ), so that φ( x n+1 − x * ) > φ(2φ −1 (a 0 )). Again, using the recursion formula (3.1), we get
With this estimate and again using the recursion formula (3.1), we obtain by Lemma 2.1 that
Thus,
which implies that α n < ∞, a contradiction. Hence, x n+1 − x * 2φ −1 (a 0 ); thus {x n } is bounded. This completes the proof. 2
Theorem 3.2. Let E be a real Banach space. Let K be a nonempty closed and convex subset of E, T : K → K a uniformly L-Lipschitzian asymptotically pseudocontractive mapping with sequence {k
Suppose there exists a strictly increasing continuous function
Then, {x n } n 0 converges strongly to x * ∈ F (T ).
Proof. From (3.3) above, we obtain
Thus, by Lemma 2.2 we have lim inf n→∞ φ( x n+1 − x * ) = 0; and since φ is continuous and strictly increasing with φ(0) = 0, we conclude that lim inf n→∞ x n+1 − x * = 0. Standard argument (see, e.g., [2] [3] [4] [5] ) shows that lim n→∞ x n − x * = 0. Hence, {x n } converges strongly to x * ∈ F (T ). This completes the proof. } and {v n } where u n = u n + u n ; u n < ∞; u n = o(α n ) (where α n → 0 as n → ∞) and v n → 0 as n → ∞). There are many objections to this type of errors:
(i) There is no method of checking that u n is of the form u n + u n .
(ii) The conditions u n < ∞ and v n → 0 as n → ∞ have already been rightly objected to in the definition of Liu [8] .
(iii) The condition u n = o(α n ) implies not only that {u n } converges to zero as n tends to infinity, but also that it does so faster than {α n }.
This is almost impossible to verify in application.
It is easy to observe that the most reasonable error term is the one introduced by Xu [12] . In particular, if T is self-mapping of a convex bounded set, then the boundedness requirement for the error term is automatically satisfied. However, under the condition that the error term is bounded, it is generally the case that whenever a theorem is proved using Mann algorithm (without error terms), the method of proof carries over easily to the case of Mann iteration process with error term. Thus, we have the following theorem: Theorem 3.3. Let E be a real Banach space. Let K be a nonempty closed and convex subset of E, T : K → K a uniformly L-Lipschitzian asymptotically pseudocontractive mapping with sequence {k n } n 0 ⊂ [1, +∞), lim n→∞ k n = 1. Let x * ∈ F (T ) = {x ∈ K: T x = x}. Let {a n } n 0 , {b n } n 0 , {c n } n 0 be real sequences in [0, 1] satisfying the following conditions: and (v) n 0 c n < ∞.
For arbitrary x 0 ∈ K let {x n } n 0 be iteratively defined by x n+1 = a n x n + b n T n x n + c n u n , n 0 
Proof. Define α n := b n + c n . Then (3.4) becomes x n+1 = (1 − α n )x n + α n T n x n + c n u n − T n x n , n 0.
The boundedness of {x n } n 0 follows as in the proof of Theorem 3.1 and the rest of the result follows as in the proof of Theorem 3.2. This completes the proof. 2 Remark 3.3. Theorems 3.1-3.3 remain true for the so-called Ishikawa-type iteration scheme. This is a modification of the scheme introduced by Ishikawa in [7] . There is no further generality obtained in using the cumbersome-Ishikawa scheme, rather than the scheme considered in this paper.
